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1. Introduction Multistage stochastic programs with recourse are well known in the stochas-
tic programming community, and are becoming more common in applications. We are motivated
in this paper by applications in which the stage costs are piecewise smooth convex functions of
the decisions. Production functions are often modelled as smooth concave functions of allocated
resources. For example Finardi and da Silva [4] use this approach to model hydro electricity pro-
duction as a concave function of water flow. Smooth value functions also arise when one maximizes
profit with linear demand functions (see e.g. [10]) giving a concave quadratic objective or when
smooth coherent risk measures are used to model aversion to risk in multistage problems [12].

Having general convex stage costs does not preclude the use of cutting plane algorithms for
attacking these problems. The most well-known of these is the stochastic dual dynamic program-
ming (SDDP) algorithm of Pereira and Pinto [8]. This algorithm constructs feasible dynamic
programming policies using an outer approximation of a (convex) future cost function that is com-
puted using Benders cuts. The policies defined by these cuts can be evaluated using simulation,
and their performance measured against a lower bound on their expected cost. This provides a
convergence criterion that may be applied to terminate the algorithm when the estimated cost of
the candidate policy is close enough to its lower bound. The SDDP algorithm has led to a number
of related methods [1, 2, 3, 6, 9] that are based on the same essential idea, but seek to improve the
method by exploiting the structure of particular applications. We call these methods DOASA for
(dynamic outer-approximation sampling algorithms) but they are now generically named SDDP
methods.
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SDDP methods are known to converge almost surely on a finite scenario tree when the stage
problems are linear programs. The first formal proof of such a result was published by Chen and
Powell [1] who derived this for their CUPPS algorithm. This proof was extended by Linowsky and
Philpott [7] to cover other SDDP algorithms. The convergence proofs in [1] and [7] make use of
an unstated assumption regarding the independence of sampled random variables and convergent
subsequences of algorithm iterates. This assumption was identified by Philpott and Guan [9], who
gave a simpler proof of almost sure convergence of SDDP methods based on the finite convergence
of the nested decomposition algorithm (see [2]). This does not require the unstated assumption, but
exploits the fact that the collection of subproblems to be solved has a finite number of dual extreme
points. This begs the question of whether SDDP methods will converge almost surely for general
convex stage problems, where the value functions may admit an infinite number of subgradients.

In this paper we propose a different approach from the one in [1] and [7] and show how a proof
of convergence for general sampling-based nested decomposition algorithms on finite scenario trees
can be established for models with convex subproblems (which may not have polyhedral value
functions). As a special case, our approach proves that SDDP methods for multi-stage stochastic
convex programming will converge almost surely as long as the sampling process visits every node
of the tree an infinite number of times with an appropriate sampling procedure. Our result also
covers other sampling procedures that, to the best of our knowledge, have not been applied to
solution procedures for multistage stochastic programs.

The result we prove works in the space of state variables expressed as random variables adapted
to the filtration defined by the scenario tree. Because this tree has a finite number of nodes, this
space is compact, and so we may extract convergent subsequences for any infinite sequence of states.
Unlike the arguments in [1] and [7], these subsequences are not explicitly constructed, and so we
can escape the need to assume properties of them that we wish to be inherited from independent
sampling.

The paper is laid out as follows. We first consider a deterministic multi-stage problem, in which
the proof is easily understandable. This is then extended to a stochastic problem in §3. We close
with some remarks about the convergence of sampling algorithms.

2. The deterministic case We begin with a lemma that shows that Kelley’s cutting plane
method converges when applied to the optimization problem:

W ∗ := min
u∈U

W (u) ,

where U is a convex subset of Rm, and W is a convex function.
Even though the following lemma is not directly used in the more complex results that follow, the

main ideas on which the proofs rely will be the same, but presented here in a simpler framework.
We believe the reader will find it convenient to already have the scheme of the proof in mind when
attacking the more important results later on.

Kelley’s method generates a sequence of iterates (uj)j∈N by solving, at each iteration, a piecewise
linear model of the original problem. The model is then enhanced by adding a cutting plane based
on the value W (uj) and subgradient gj of W at uj. The model at iteration k is denoted by

W k (u) := max
1≤j≤k

(
W
(
uj
)

+
〈
gj, u−uj

〉)
,

and θk := minu∈UW
k (u) =W k (uk+1). We have the following result.

Lemma 1. If W has bounded subgradients and U is compact then

lim
k→+∞

W
(
uk
)

=W ∗.
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T his proof is taken from Ruszczynski [11, Theorem 7.7]. Let Kε be the set of indices k such
that W ∗+ ε <W (uk)<+∞. The proof consists in showing that Kε is finite.

Suppose k1, k2 ∈ Kε and k1 is strictly smaller than k2. We have that W (uk1) > W ∗ + ε and
that W ∗ ≥ θk1 . Since a new cut will be generated at uk1 , we will have

W
(
uk1
)

+
〈
gk1 , u−uk1

〉
≤W k1 (u)≤W k2−1 (u) , ∀u∈ U ,

where gk1 is a element of ∂W (uk1). In particular, choosing u= uk2 gives

W
(
uk1
)

+
〈
gk1 , uk2 −uk1

〉
≤W k1

(
uk2
)
≤W k2−1

(
uk2
)

= θk2−1 ≤W ∗, ∀u∈ U .

But ε <W (uk2)−W ∗, so

ε <W
(
uk2
)
−W

(
uk1
)
−
〈
gk1 , uk2 −uk1

〉
,

and the convexity of W gives

W
(
uk2
)
−W

(
uk1
)
≤
〈
gk2 , uk2 −uk1

〉
.

Therefore, since W has uniformly bounded subgradients, there exists κ> 0 such that

ε < 2κ
∥∥uk2 −uk1∥∥ , ∀k1, k2 ∈Kε, k1 6= k2.

Because U is compact, Kε has to be finite. Otherwise there would exist a convergent subsequence
of
{
uk
}
k∈Kε

and this last inequality could not hold for sufficiently large indices within Kε. This
proves the lemma.

Note that Lemma 1 does not imply that the sequence of iterates (uk)k∈N converges1. For instance,
if the minimum of W is attained on a “flat” part (if W is not strictly convex), then the sequence of
iterates won’t converge. However, the lemma shows that the sequence of W values at these iterates
will converge.

We now consider the multi-stage case. Let T be a positive integer. We consider the following
deterministic optimal control problem.

min
x,u

T−1∑
t=0

Ct (xt, ut) +VT (xT ) (1a)

s.t. xt+1 = ft (xt, ut) , ∀t= 0, . . . , T − 1, (1b)
x0 is given, (1c)
xt ∈Xt, ∀t= 0, . . . , T, (1d)
ut ∈ Ut, ∀t= 0, . . . , T − 1. (1e)

Functions Ct, t= 0, . . . , T−1 and VT are assumed to be convex, as well as sets Xt ⊆Rn, t= 0, . . . , T
and Ut ⊆ Rm, t = 0, . . . , T − 1. Finally, the functions ft, t = 0, . . . , T − 1 are linear so that (1) is a
convex optimization problem.

The Dynamic Programming (DP) equation associated with this problem reads as follows. For
all t= 0, . . . , T − 1:

Vt (xt) = min
ut∈Ut

Ct (xt, ut) +Vt+1 (ft (xt, ut))︸ ︷︷ ︸
:=Wt(xt,ut)

, ∀xt ∈Xt. (2)

1 even though because U is compact, there exists a convergent subsequence
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Quantity Wt (xt, ut) is the future optimal cost starting at time t from state x and choosing
decision ut, so that Vt (x) = minu∈UtWt (x,u). We require an assumption that the future cost
functions Vt (xt) at each stage have uniformly bounded subgradients, so

Vt (x)−Vt (y)≤ γ ‖x− y‖ , x, y ∈Rn, t= 0, . . . , T. (3)

This would appear to be a restrictive condition, but arises naturally if

ft (x,Ut)∩Xt+1 6= ∅

for every x ∈ Xt. In other words, suppose we require that there exists a control at all times that
maintains the feasibility of the states. Then this is ensured in practice by adding artificial variables
vt and wt with high costs (Mvt +Mwt) to each stage problem, to give

xt+1 = ft (xt, ut) + vt−wt.

(We assume that there exists M so that vt =wt = 0 in an optimal solution.) This construction will
prevent excursions of ft (xt, ut) outside Xt+1, and provide a bound M on the Lagrange multipliers
of this constraint, thereby bounding the subgradients of the future cost functions.

The cutting plane method works as follows. At iteration 0, define functions V 0
t , t= 0, . . . , T − 1,

to be identically equal to −∞. At time T , since we know exactly the end value function, we
impose V k

T = VT for all iterations k ∈N. At each iteration k, the process is the following. Starting
with xk0 = x0, for t= 0,1, . . . , T − 1, solve

θkt = min
ut∈Ut

Ct (x,ut) +V k−1
t+1 ◦ ft (x,ut) , (4a)

s.t. x= xkt . [βkt ] (4b)

Here βkt is the vector of Lagrange multipliers for the constraint x= xkt , and we denote the minimizer
of this problem by ukt . Now define, for any x∈Xt:

V k
t (x) := max

(
V k−1
t (x) , θkt +

〈
βkt , x−xkt

〉)
, (5)

and xkt+1 = ft (x
k
t , u

k
t ).

Note that only the last future cost function VT is known exactly at any iteration. All the other
ones are lower approximations consisting of the supremum of k affine functions at iteration k. We
naturally have the same lower approximation for function Wt, for any (x,u) in Xt ×Ut. Thus we
define

W k
t (x,u) :=Ct (x,u) +V k

t+1 ◦ ft (x,u) , (6)

and recall
Wt (x,u) :=Ct (x,u) +Vt+1 ◦ ft (x,u) . (7)

Using this notation we have

θkt = min
u∈Ut

W k−1
t

(
xkt , u

)
=W k−1

t

(
xkt , u

k
t

)
(8)

Because for any x∈Xt+1 and any k′ ≤ k we have that V k−1
t+1 (x)≥ V k′−1

t+1 (x), it follows that

θkt = min
u∈Ut

W k−1
t

(
xkt , u

)
≥min

u∈Ut
W k′−1
t

(
xkt , u

)
, ∀k′ ≤ k,

= min
u∈Ut

W k′−1
t

(
xk
′

t +
(
xkt −xk

′

t

)
, u
)
, ∀k′ ≤ k,
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which, using convexity of the optimal value function, and the definitions of θk
′
t and βk

′
t , gives

θkt ≥ θk
′

t +
〈
βk
′

t , x
k
t −xk

′

t

〉
, ∀k′ ≤ k.

Since by (5)

V k−1
t

(
xkt
)

= max
k′<k

{
θk
′
t +

〈
βk
′
t , x

k
t −xk

′

t

〉}
it follows that

θkt ≥ V k−1
t

(
xkt
)

and so (5) implies

V k
t

(
xkt
)

= max
(
V k−1
t

(
xkt
)
, θkt
)

= θkt =W k−1
t

(
xkt , u

k
t

)
(9)

Figure 1 gives a view of the relations between all these values at a given iteration.

x

value
Vt(x)

xk
t

Wt

(
xk

t , u
k
t

)

Vt

(
xk

t

)

θk
t = W k−1

t

(
xk

t , u
k
t

)

V k−1
t (x)

θk
t +

〈
βk

t , x− xk
t

〉

Figure 1. Relations between notations in the multi-stage case

We now prove that both the upper and lower estimates converge to the exact value function.

Theorem 1. Suppose that all future cost functions are convex and satisfy (3). Consider the
sequence of decisions (uk)k∈N generated by the above described procedure, where each uk is itself a
sequence of decisions in time uk = uk0 , . . . , u

k
T−1, and consider the corresponding sequence of state

values (xk)k∈N. Then for any time step t= 0, . . . , T − 1 we have that:

lim
k→+∞

Wt

(
xkt , u

k
t

)
−Vt

(
xkt
)

= 0 and lim
k→+∞

Vt
(
xkt
)
−V k

t

(
xkt
)

= 0.
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T he demonstration proceeds by induction backwards in time. At time t + 1, the induction
hypothesis is the second statement of the theorem. That is,

lim
k→+∞

Vt+1

(
xkt+1

)
−V k

t+1

(
xkt+1

)
= 0.

In other words the cuts for the future cost function tend to be exact at xkt+1 as k tends to ∞. The
induction hypothesis is clearly true at the last time stage T for which we defined the approximate
value function V k

T to be equal to the (known) end value function VT .
Now let us consider time t and choose Kε to be the set of indices k such that:
1. Vt (x

k
t ) + ε <Wt (x

k
t , u

k
t )<+∞,

2. Vt+1

(
xkt+1

)
− θkt+1 <

ε
2
.

Note that the induction hypothesis states

lim
k→+∞

Vt+1

(
xkt+1

)
−V k

t+1

(
xkt+1

)
= 0

and (9) gives
V k
t+1

(
xkt+1

)
= θkt+1

so
lim

k→+∞
Vt+1

(
xkt+1

)
− θkt+1 = 0.

Hence the number of indices verifying condition (2) is infinite and if Kε is finite, then it is the
number of indices verifying condition (1) that has to be finite.

Let k1, k2 be two indices in Kε, k1 being smaller than k2. Suppose that a new cut has just been
added to the approximate future cost function at time t + 1. Because of (5), we have that for
any k ∈N and any x∈Xt+1

V k
t+1 (x)≥ θkt+1 +

〈
βkt+1, x−xkt+1

〉
.

It follows that the approximate future cost evaluated at (xk2t , u
k2
t ) satisfies

Ct

(
xk2t , u

k2
t

)
+ θk1t+1 +

〈
βk1t+1, x

k2
t+1−x

k1
t+1

〉
≤Ct

(
xk2t , u

k2
t

)
+V k1

t+1

(
xk2t+1

)
,

=W k1
t

(
xk2t , u

k2
t

)
,

from (6). Now, because k1 <k2,

W k1
t

(
xk2t , u

k2
t

)
≤W k2−1

t

(
xk2t , u

k2
t

)
,

so (4) and (9) give

Ct

(
xk2t , u

k2
t

)
+ θk1t+1 +

〈
βk1t+1, x

k2
t+1−x

k1
t+1

〉
≤ W k2−1

t

(
xk2t , u

k2
t

)
= min

ut
W k2−1
t

(
xk2t , ut

)
≤ min

ut
Wt

(
xk2t , ut

)
= Vt

(
xk2t

)
.

Now, using the fact that k2 ∈Kε, we have

Vt

(
xk2t

)
+ ε <Wt

(
xk2t , u

k2
t

)
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which implies

Ct

(
xk2t , u

k2
t

)
+ θk1t+1 +

〈
βk1t+1, x

k2
t+1−x

k1
t+1

〉
<Wt

(
xk2t , u

k2
t

)
− ε.

Now, the definition (7) implies

Wt

(
xk2t , u

k2
t

)
=Ct

(
xk2t , u

k2
t

)
+Vt+1

(
xk2t+1

)
so

ε < Vt+1

(
xk2t+1

)
− θk1t+1−

〈
βk1t+1, x

k2
t+1−x

k1
t+1

〉
,

or
ε < Vt+1

(
xk1t+1

)
− θk1t+1 +Vt+1

(
xk2t+1

)
−Vt+1

(
xk1t+1

)
−
〈
βk1t+1, x

k2
t+1−x

k1
t+1

〉
(10)

Now, k1 ∈Kε implies

Vt+1

(
xk1t+1

)
− θk1t+1 <

ε

2
,

and by (3) there is some γ1 with

Vt+1

(
xk2t+1

)
−Vt+1

(
xk1t+1

)
≤ γ1

∥∥∥xk1t+1−x
k2
t+1

∥∥∥ .
Futhermore, using the induction hypothesis and Lemma 2, we know that there exists a sequence
of subgradients gkt+1 of Vt+1 at xkt+1 such that:

βkt+1− gkt+1

k→∞−−−→ 0.

By virtue of (3), the sequence
(
βkt+1

)
k∈N, made of the subgradients of lower approximations to Vt+1,

is bounded as well. So there exists a constant γ2 > 0 such that:

−
〈
βk1t+1, x

k2
t+1−x

k1
t+1

〉
≤ γ2

∥∥∥xk1t+1−x
k2
t+1

∥∥∥ .
Finally, taking γ = γ1 + γ2 we obtain

ε <
ε

2
+ γ

∥∥∥xk2t+1−x
k1
t+1

∥∥∥ ,
giving

ε

2
<γ

∥∥∥xk2t+1−x
k1
t+1

∥∥∥ . (11)

It follows that Kε has to be finite. Otherwise, since the state space Xt+1 is compact, we could
find a convergent subsequence of states verifying (11), and passing to the limit would lead to ε

2
≤ 0.

We now have to show the induction hypothesis, namely

lim
k→+∞

Vt
(
xkt
)
−V k

t

(
xkt
)

= 0

for time t. Recall (9) gives

V k
t

(
xkt
)

= θkt =W k−1
t

(
xkt , u

k
t

)
,

=Ct
(
xkt , u

k
t

)
+V k−1

t+1

(
xkt+1

)
.

Using the definition (7) of Wt, we can replace Ct (x
k
t , u

k
t ) to get

V k
t

(
xkt
)

=Wt

(
xkt , u

k
t

)
+
(
V k−1
t+1

(
xkt+1

)
−Vt+1

(
xkt+1

))
.
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p(m)

mΦm

0

r(m)

t = 0 t = τ(m) time

Figure 2. Notations on the scenario tree

We have just demonstrated above that

δkt =Wt

(
xkt , u

k
t

)
−Vt

(
xkt
) k→∞−−−→ 0

so
V k
t

(
xkt
)

= Vt
(
xkt
)

+ δkt +
(
V k−1
t+1

(
xkt+1

)
−Vt+1

(
xkt+1

))
, with δkt

k→∞−−−→ 0.

The induction hypothesis at time t+ 1 gives

V k
t+1

(
xkt+1

)
−Vt+1

(
xkt+1

) k→∞−−−→ 0,

which by virtue of Lemma 3 (with Vt+1 replacing f) implies

lim
k→+∞

V k
t+1

(
xkt+1

)
− lim
k→+∞

V k−1
t+1

(
xkt+1

)
= 0

so
V k
t

(
xkt
)
−Vt

(
xkt
) k→∞−−−→ 0

which gives the result.
Theorem 1 indicates that the lower approximation at each iteration tends to be exact on the

sequence of state trajectories generated throughout the algorithm. This does not mean that the
future cost function will be approximated well everywhere in the state space. It only means that
the approximation gets better and better in the neighbourhood of an optimal state trajectory.

3. The stochastic case with a finite distribution We now consider that the cost function
and dynamics at each time t are influenced by a random outcome that has a discrete and finite
distribution. We write the problem on the complete tree induced by this distribution. The set of
all nodes is denoted by N and {0} is the root node. We denote nodes by m and n. (We trust
that the context will dispel any confusion from the use of m and n as dimensions of variables u
and x.) For every node m ∈ N\{0}, p(m) represents its parent, r(m) its set of children nodes,
and Φm its probability of occurence. Finally, τ(m) is the time step at which node m appears, and
L= {m | τ(m) = T} is the set of leaves. Figure 2 illustrates this notation.

This gives the following stochastic program:

min
x,u

∑
m∈N\{0}

Φm ·Cm
(
xp(m), um

)
+
∑
m∈L

ΦnVm (xm) (12a)

s.t. xm = fm
(
xp(m), um

)
, ∀m∈N\{0}, (12b)

x0 is given, (12c)
xm ∈Xτ(m), ∀m∈N , (12d)
um ∈ Uτ(m)−1, ∀m∈N\{0}. (12e)
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The reader should note that randomness (that appears in the cost and in the dynamics) occurs
before the decision is taken in this model. Hence the control affecting the stock2 xn is actually
indexed by m, a child node of n. Put differently, the control adapts to randomness: there are as
many controls as there are children nodes of n.

We have a future cost function for each node n∈N which is defined by

Vn(xn) =
∑

m∈r(n)

Φm

Φn

min
um∈Ut

Cm (xn, um) +Vm (fm (xn, um))︸ ︷︷ ︸
Wm(xn,um)

. (13)

As in the previous section we require that there is some γ > 0 with

Vm (x)−Vm (y)≤ γ ‖x− y‖ , x, y ∈Rn, m∈N . (14)

In general the future cost function at each node is different from those at other nodes at the same
stage. The algorithm that we consider is now an extension of the deterministic algorithm of the
previous section applied, at each iteration, to a set of nodes chosen randomly in the tree to update
estimates of the future cost function at these nodes. To help the exposition we assume that all
other nodes have null updates, in the sense that they just inherit the future cost function from the
previous iteration.

We now describe the algorithm formally. We start the process with θ̂0
n =−∞, β̂0

n = 0, for each
n ∈ N , and impose3 V k

n = Vn for all nodes n ∈ L and all k ∈ N. We then carry out a sequence of
simulations and updates of the future cost functions as follows.
Simulation Starting at the root node, generate states and decisions for all possible successors (in
other words, visit the whole tree forward) by solving (13) with V k−1 instead of V . Denote the
obtained state variables by (xkn)n∈N and the control variables by (ukn)n∈N\{0}. Also, for each node n∈
N , impose θkn = V k−1

n (xkn) and βkn ∈ ∂V k−1
n (xkn).

Update Select non-terminal nodes n1, n2, . . . , nI in the tree. For each i= 1,2, . . . , I, xkni is hence a
random variable which is equal to one of the xkn. For each selected node ni, and for every child
node m of node ni, solve:

θ̂km = min
um∈UT−1

Cm (x,um) +V k−1
m ◦ fm (x,um) ,

s.t. x= xkni . [β̂km]

As before β̂km is the Lagrange multiplier at optimality. For each selected node ni, replace the
values θkni and βkni obtained during the forward pass with θkni =

∑
m∈r(ni)

Φm
Φni

θ̂km and βkni =∑
m∈r(ni)

Φm
Φni

β̂m.

Finally, we update all future cost functions. For every node n

V k
n (x) := max

(
V k−1
n (x) , θkn +

〈
βkn, x−xkn

〉)
, x∈Xt. (15)

Note that we actually only update future cost functions on the selected nodes. Since the cuts
we add at all other nodes are binding on the current model (by construction in the forward pass),
there is no point in storing them. Therefore, in practice, one does not need to sample the whole
scenario tree but just enough to attain all selected nodes. In our proof, we need to look at what
happens even on the nodes that are not selected.

2 We do not make any stagewise independence assumptions on the random variables that affect the system. Hence
there is no reason why variable xn should be called a state variable and we prefer calling it a stock.

3 Because the end value function is known exactly, there is no need to approximate it.
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The way n1, n2, . . . , nI are selected is actually irrelevant, provided that all nodes in the tree are
visited randomly with positive probabilities in a way that, at every iteration, is independent of
the current values of the decision variables on the tree. Let us explain this more formally. Denote
by ykn the random variable that is equal to 1 if node n is selected at iteration k and 0 otherwise.
We require that for any n ∈ N and any k ∈ N, the random variable ykn is independent from the
current error Vn (xkn)−V k

n (xkn). Otherwise, it would be easy to create a case in which the future cost
function at a given node is updated only when the current stock variable on this node is in a given
region for instance. In such a case the future cost function could not gather any information about
the other parts of the space that the stock variable might visit. In other words, this independence
assumption ensures that the values that are optimal can be attained an infinite number of times.

We will make use of the following definitions:

Wm (xn, um) :=Cm (xn, um) +Vm (fm (xn, um)) (16)

W k
m (xn, um) :=Cm (xn, um) +V k

m (fm (xn, um)) (17)

In the case where node n ∈ N is selected at iteration k, in other words n = ni, these definitions
then give

θ̂km = min
u∈Ut

W k−1
m

(
xkn, u

)
=W k−1

m

(
xkn, u

k
m

)
.

Because for any x∈Xt+1 and any k′ ≤ k we have that V k′−1
m (x)≤ V k−1

m (x), it follows that

θ̂km = min
u∈Ut

W k−1
m

(
xkn, u

)
≥min

u∈Ut
W k′−1
m

(
xkn, u

)
, ∀k′ ≤ k,

= min
u∈Ut

W k′−1
m

(
xk
′

n +
(
xkn−xk

′

n

)
, u
)
, ∀k′ ≤ k,

which, using convexity of the value function of this latter problem and the definitions of θ̂k
′
m and

β̂k
′
m , gives

θ̂km ≥ θ̂k
′

m +
〈
β̂k
′

m , x
k
n−xk

′

n

〉
, ∀k′ ≤ k.

and taking conditional expectations with probabilities Φm
Φn

, we obtain

θkn ≥ θk
′

n +
〈
βk
′

n , x
k
n−xk

′

n

〉
, ∀k′ ≤ k.

Since by (15)

V k−1
n

(
xkn
)

= max
k′<k
{θk

′

n +
〈
βk
′

n , x
k
n−xk

′

n

〉
}

it follows that

θkn ≥ V k−1
n

(
xkt
)
,

and so (15) implies (once again, only in the case when n= ni )

V k
n

(
xkn
)

= max
(
V k−1
n

(
xkn
)
, θkn
)

= θkn =
∑

m∈r(n)

Φm

Φn

W k−1
m

(
xkn, u

k
m

)
. (18)

Note that because of the way xkn and θkn are defined during simulation for the non-selected nodes,
we have

V k
n

(
xkn
)

= max
(
V k−1
n

(
xkn
)
, θkn
)

= θkn, for all n∈N .
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Theorem 2. Suppose that all future cost functions are convex with bounded subgradients. Con-
sider the sequence of decisions (uk)k∈N generated by the above described procedure, where each uk

is itself a set of decisions on the complete tree uk = uk1 , . . . , u
k
N−1, and consider the corresponding

sequence of state values (xk)k∈N. Assume random variables ykn, k ∈ N, are i.i.d. with P (ykn = 1) =
pn > 0 and that for any n∈N and any k ∈N the selection variable ykn is independent from Vn (xkn)−
V k−1
n (xkn). Then for any node n= 0, . . . ,N − 1 we have that, P-almost surely:

lim
k→+∞

Wn

(
xkn, u

k
n

)
−Vn

(
xkn
)

= 0 and lim
k→+∞

Vn
(
xkn
)
−V k

n

(
xkn
)

= 0.

B ecause the selection process for nodes in the update step is stochastic, decision variables as
well as approximate future cost functions are stochastic throughout the course of the algorithm.
Thus, during the whole proof, all equalities or inequalities are taken P-almost surely.

The demonstration follows the same approach as the proof of Theorem 1. At time t+ 1, the
induction hypothesis is

lim
k→+∞

Vm
(
xkm
)
−V k

m

(
xkm
)

= 0

for each node m with τ(m) = t+1. Since at the very last time stage those two quantities are equal,
by definition, the induction hypothesis is true for every node n with τ(n) = T . Let us consider an
arbitrary node n with τ(m) = t, and choose Kε to be the set of indices k such that:

1. Vn (xkn) + ε <
∑

m∈r(n)
Φm
Φn
Wm (xkn, u

k
m)<+∞,

2.
∑

m∈r(n)
Φm
Φn

(Vm (xkm)− θkm)< ε
2
.

Note that because of the induction hypothesis and (18) the quantity on the left-hand side of
condition (2) converges to 0 as k goes to infinity. Hence the number of indices verifying condition (2)
is infinite and if Kε is finite, then it is the number of indices verifying condition (1) that has to be
finite.

Because of (15), we have that for any k ∈N, any x∈Xt+1 and any child node m of n:

V k
m (x)≥ θkm +

〈
βkm, x−xkm

〉
. (19)

Let k1, k2 be two indices in Kε, k1 being smaller than k2. It follows from (19) at k = k1, that the
approximate future cost evaluated at (xk2n , u

k2
m ) satisfies

Cm
(
xk2n , u

k2
m

)
+ θk1m +

〈
βk1m , x

k2
m −xk1m

〉
≤Cm

(
xk2n , u

k2
m

)
+V k1

m

(
xk2m
)
,

=W k1
m

(
xk2n , u

k2
m

)
.

and k1 <k2 implies

W k1
m

(
xk2n , u

k2
m

)
≤W k2−1

m

(
xk2n , u

k2
m

)
.

Thus ∑
m∈r(n)

Φm

Φn

(
Cm
(
xk2n , u

k2
n

)
+ θk1m +

〈
βk1m , x

k2
m −xk1m

〉)
≤
∑

m∈r(n)

Φm

Φn

W k2−1
m

(
xk2n , u

k2
m

)
,

=
∑

m∈r(n)

Φm

Φn

min
um

W k2−1
m

(
xk2n , um

)
,

by definition of uk2m (simulation step)

≤
∑

m∈r(n)

Φm

Φn

min
um

Wm

(
xk2n , um

)
,
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because V k2−1
m is identically lower than Vm

= Vn
(
xk2n
)
.

Now, since k2 ∈Kε,

Vn
(
xk2n
)

+ ε <
∑

m∈r(n)

Φm

Φn

Wm

(
xk2n , u

k2
m

)
which gives∑

m∈r(n)

Φm

Φn

(
Cm
(
xk2n , u

k2
n

)
+ θk1m +

〈
βk1m , x

k2
m −xk1m

〉)
<
∑

m∈r(n)

Φm

Φn

Wm

(
xk2n , u

k2
m

)
− ε.

Now recall (16) the definition of Wm which gives∑
m∈r(n)

Φm

Φn

Wm

(
xk2n , u

k2
m

)
=
∑

m∈r(n)

Φm

Φn

Cm
(
xk2n , u

k2
m

)
+
∑

m∈r(n)

Φm

Φn

Vm
(
fm
(
xk2n , u

k2
m

))
.

Substituting and observing
xk2m = fm

(
xk2n , u

k2
m

)
gives

ε <
∑

m∈r(n)

Φm

Φn

(
Vm
(
xk2m
)
− θk1m −

〈
βk1m , x

k2
m −xk1m

〉)
,

yielding

ε <
∑

m∈r(n)

Φm

Φn

(
Vm
(
xk1m
)
− θk1m

)
+
∑

m∈r(n)

Φm

Φn

(
Vm
(
xk2m
)
−Vm

(
xk1m
))
−
∑

m∈r(n)

Φm

Φn

〈
βk1m , x

k2
m −xk1m

〉
.

(20)
Now, k1 ∈Kε implies ∑

m∈r(n)

Φm

Φn

(
Vm
(
xk1m
)
− θk1m

)
<
ε

2
.

Futhermore by (14) there exists a constant γ1 > 0 such that

Vm
(
xk2m
)
−Vm

(
xk1m
)
≤ γ1

∥∥xk1m −xk2m∥∥ .
Finally, using the induction hypothesis and Lemma 2, we know that there exists a sequence of
subgradients gkm of Vm at xkm such that

βkm− gkm
k→∞−−−→ 0.

Therefore, the sequence (βkm)k∈N, made of the subgradients of lower approximations to Vm, is
bounded as well. So there exists a constant γ2 > 0 such that:

−
〈
βk1m , x

k2
m −xk1m

〉
≤ γ2

∥∥xk1m −xk2m∥∥ .
Collecting terms and taking γ = γ1 + γ2 we obtain

ε <
ε

2
+ γ

∑
m∈r(n)

Φm

Φn

∥∥xk2m −xk1m∥∥ ,
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giving
ε

2
<γ

∑
m∈r(n)

Φm

Φn

∥∥xk2m −xk1m∥∥ . (21)

Hence Kε has to be finite. Otherwise, because the space (Xt+1)
N

is compact, we could find a
convergent subsequence of states verifying (21), and passing to the limit would lead to ε

2
≤ 0.

We now have to show the induction hypothesis, namely

lim
k→+∞

Vn
(
xkn
)
−V k

n

(
xkn
)

= 0

for every node n at time t. We start by proving it for iterations k such that n is selected, i.e. such
that ykn = 1. Recall (18) for any selected node n at iteration k

V k
n

(
xkn
)

= max
(
V k−1
n

(
xkn
)
, θkn
)

= θkn =
∑

m∈r(n)

Φm

Φn

W k−1
m

(
xkn, u

k
m

)
which implies

V k
n

(
xkn
)

=
∑

m∈r(n)

Φm

Φn

[
Cm
(
xkn, u

k
m

)
+V k−1

m

(
xkm
)]
,

=
∑

m∈r(n)

Φm

Φn

[
Wm

(
xkn, u

k
m

)
+
(
V k−1
m

(
xkm
)
−Vm

(
xkm
))]

.

We have just demonstrated above that

δkn =
∑

m∈r(n)

Φm

Φn

Wm

(
xkn, u

k
m

)
−Vn

(
xkn
) k→∞−−−→ 0.

Thus

V k
n

(
xkn
)

= Vn
(
xkn
)

+ δkn +
∑

m∈r(n)

Φm

Φn

(
V k−1
m

(
xkm
)
−Vm

(
xkm
))

with δkn
k→∞−−−→ 0.

The inductive hypothesis gives

lim
k→+∞

Vm
(
xkm
)
−V k

m

(
xkm
)

= 0

which by virtue of Lemma 3 (with Vm replacing f) implies

lim
k→+∞

Vm
(
xkm
)
−V k−1

m

(
xkm
)

= 0.

Finally

Vn
(
xkn
)
−V k

n

(
xkn
) k→∞−−−→
ykn=1

0. (22)

Now we prove that the values also converge for the iterations k such that ykn = 0, i.e. the iterations
for which node n is not selected. By contradiction, suppose the values do not converge. Then

∃ε > 0,∀K ∈N,∃k≥K, Vn
(
xkn
)
−V k

n

(
xkn
)
≥ ε.

and, because V k−1
n (xkn)≤ V k

n (xkn), we have a fortiori that

∃ε > 0,∀K ∈N,∃k≥K, Vn
(
xkn
)
−V k−1

n

(
xkn
)
≥ ε. (23)

We denote by Kε the set of indices satisfying this relation. We note that:
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• the set Kε ∩{k ∈N|ykn = 1} is finite because of (22) and Lemma 3 (with Vn replacing f);
• the set Kε ∩{k ∈N|ykn = 0} is infinite because of (23).
Let zj denote the j-th element of the set {ykn, k ∈Kε}. Note that for any k the quantity Vn (xkn)−

V k−1
n (xkn) is independent from ykn and thus so is the event {k ∈ Kε}. This implies that random

variables zj are i.i.d. and share the same probability law as any of the ykn, k ∈N. According to the
Strong Law of Large Numbers [5] applied to the random sequence (zj), we should then have

1

N

N∑
j=1

zj
N→+∞−−−−−→E

[
ykn
∣∣ k ∈Kε]=E

[
y0
n

]
= pn > 0.

However, because Kε ∩ {ykn = 1} is finite, we know that there is only a finite number of indices j
such that zj = 1, the rest being equal to 0. So

1

N

N∑
j=1

zj
N→+∞−−−−−→ 0,

which is a contradiction. This shows that

Vn
(
xkn
)
−V k

n

(
xkn
) k→∞−−−→
ykn=0

0.

and concludes the proof.
Remark 1. The theorem uses random sampling but one can observe that a procedure that

uses a deterministic selection process satisfying

1

N

N∑
k=1

ykn
N→+∞−−−−−→ pn (24)

will converge as well. (This will be the case for a round robin procedure, for example.) The only
change needed in the proof of Theorem 2 is in the last paragraph where, instead of using the Strong
Law of Large Numbers, we simply use Equation (24) and observe the same contradiction.

4. Discussion The convergence result we proved is very general. We require an independence
assumption in the selection of nodes at which to construct new cutting planes. The state values at
which these are constructed are generated by simulation, but this simulation need not encompass
every outcome.

Our convergence result applies to some well-known sampling-based algorithms for multistage
stochastic programs. The CUPPS algorithm of [1] is easily seen to fall into our framework. Here cuts
are computed at every node on a randomly chosen scenario at the states generated by incumbent
policies.

The DOASA algorithm [9] adds cutting planes on a randomly chosen scenario, starting at the
end of the time horizon and working backwards in time. So the approximations of the future cost
functions are changed as we traverse this scenario in the backward pass. To place this algorithm in
our setting, observe that a single backward pass can be seen as T simulation/update iterations of
the procedure described on page 9. In other words, we start by simulating up to time stage T − 1,
compute a cutting plane for the selected node at this stage and update the approximate future cost
function. Then we do the same for the node of the previous time stage, but observe it can be seen
as a new simulation/update iteration where, because the future cost functions have not changed
up to T − 1, the simulated state values stay the same.

Now, SDDP, that uses several forward passes, can be viewed in a similar way. It simulates a fixed
number N of scenarios, adds cutting planes for the N nodes selected at time T − 1, updates the
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future cost functions there, and moves on to the previous stage. This can be seen as T iterations
of the procedure described on page 9, where n1, n2, . . . , nI are the N selected nodes of a given time
stage.

For both of these algorithms (SDDP and DOASA), note that the independence assumption that
concerns the selection process is fulfilled. As soon as the leaf node is selected, the previous nodes
on the scenario, for the next T −2 iterations, are determined. However, the fact that this leaf node
was selected independently of previous computations ensures independence between the selection
of any node and previous computations at that node.

We have proved this result with a general scenario tree. In SDDP algorithms, the random vari-
ables are usually assumed to be stagewise independent (or made so by adding state variables). This
means that the future cost functions Vm(x) at each node m with τ(m) = t are the same. This allows
cutting planes in the approximations to be shared across these nodes. The convergence result we
have shown here applies to this situation as a special case.

Also note that, in the case where one adds cuts at different nodes in the tree in the update
step of our procedure, the solving of the subproblems can be done in parallel. This is the case in
CUPPS, where a whole branch of the tree is selected at each iteration. It also allows us to consider
different selection strategies, where nodes at a given iteration could be selected throughout the tree
depending on some criteria defined by the user. In the first few iterations, this could increase effi-
ciency of the approximation and, because the solving of the subproblems can be parallelized, would
not be very time-consuming. However, one should bear in mind that, at some point, the algorithm
has to come back to an appropriate selection procedure, i.e. one that satisfies the independence
assumption, in order to ensure convergence of the algorithm.

Appendix. Technical lemmas

Lemma 2. Let f and fk, k ∈N, be convex functions on Rn, such that functions fk are identically
lower than f . Suppose that there exists a sequence (xk)k∈N such that:

fk
(
xk
)
− f

(
xk
) k→∞−−−→ 0.

Then, for any sequence (βk)k∈N of elements of ∂fk (xk), there exists a sequence (gk)k∈N of ele-
ments of ∂f (xk) such that:

βk− gk k→∞−−−→ 0.

S uppose the result is not true. Then it means that we cannot construct such a sequence (gk)k∈N.
In other words, there is some ε > 0 and a subsequence

(
βk(l)

)
l∈N with d

(
βk(l), ∂f

(
xk(l)

))
> ε, where d

is the Euclidean distance between a point and a set. Because a subdifferential is a convex set, it
implies that βk(l) can be strictly separated from ∂f

(
xk(l)

)
using a hyperplane. There exists cl ∈R

and a vector γl ∈Rn such that〈
γl, βk(l)

〉
> cl and

〈
γl, g

〉
+ ε < cl, ∀g ∈ ∂f

(
xk(l)

)
.

Because the directional derivative ∇γlf
(
xk(l)

)
= supg∈∂f(xk(l))

〈
γl, g

〉
, we have that

∇γlf
(
xk(l)

)
+ ε≤ cl <

〈
γl, βk(l)

〉
≤∇γlfk(l)

(
xk(l)

)
,

which, by definition of the directional derivative, indicates that

∃δl > 0,∀t < δl, f
(
xk(l) + tγl

)
− f

(
xk(l)

)
≤ fk(l)

(
xk(l) + tγl

)
− fk(l)

(
xk(l)

)
− ε.
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Now

fk
(
xk
)
− f

(
xk
) k→∞−−−→ 0.

so there exists l > L with

f
(
xk(l)

)
− fk(l)

(
xk(l)

)
<
ε

2
,

and so:

f
(
xk(l) + tγl

)
< fk(l)

(
xk(l) + tγl

)
− ε

2
,

which contradicts the fact that fk(l) is identically lower than f .
We will also need the following result.

Lemma 3. Suppose f is convex with bounded subgradients and X is compact, and suppose the
sequence of convex functions fk, k ∈N, satisfies

fk−1 (x)≤ fk (x)≤ f (x) , for all x∈X .

Then, for any infinite sequence xk ∈X

lim
k→+∞

f
(
xk
)
− fk

(
xk
)

= 0⇒ lim
k→+∞

f
(
xk
)
− fk−1

(
xk
)

= 0.

A ssume

lim
k→+∞

f
(
xk
)
− fk

(
xk
)

= 0

and suppose the result is wrong. Then

∃ε > 0,∃K ∈N, such that ∀k >K, f
(
xk
)
− fk−1

(
xk
)
> ε.

Now, because X is compact, there exists a subsequence
(
xk(l)

)
l∈N that converges to x∗ ∈ X . For

sufficiently large l, the continuity of fk(l) and fk(l)−1 gives∣∣fk(l) (x∗)− fk(l)
(
xk(l)

)∣∣ < ε

3
,∣∣fk(l)−1

(
xk(l)

)
− fk(l)−1 (x∗)

∣∣ < ε

3
,

so

fk(l) (x∗)− fk(l)−1 (x∗)
= fk(l) (x∗)− fk(l)

(
xk(l)

)
+fk(l)

(
xk(l)

)
− fk(l)−1

(
xk(l)

)
+fk(l)−1

(
xk(l)

)
− fk(l)−1 (x∗)

>
ε

3

So fk(l) (x∗)> fk(l)−1 (x∗)+ ε
3
, for infinitely many l which contradicts the fact that fk (x∗) is bounded

above by f(x∗).
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