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1 Single Node - Reserve Constraining Generation

1.1 Diagram

Figure 1: Single Node Diagram

1.2 Primal Formulation

The linear program for this system is thus formulated

min 0.01z; + 100z + 30 (1)
subject to

T + x2 = 350 1 m

x1 <400 1

X2 S 400 1 Y2

1 < 400 1 P1

Ty — T S 0 1 )\1

Tog —T1 S 0 1 )\1

T1,x2,T1 Z 0

From this we can construct a primal matrix as follows

0.01 100 30
X1 X9 T1
1 1 ™1
1 gé!
1 72
L | m
1 -1\
1 -1\




1.3 Dual Formulation

We may develop a dual formulation as follows

max 350m; 4+ 4007y, 4+ 4002 + 4000, (2)
subject to
7T1+’71+>\1§0.01 J_.’Kl
To 4+ v2 + A1 < 1000 1z
p1— A1 <30 1r
)\la V1,72 S 0
w1 free

1.4 Shadow Pricing

Shadow price calculations were completed by using the solutions to the primal problem. It is noted that this
is not the only method of determining these. However, for the purposes of the modelling approach it was
sufficient for the requirements.

We note here that given the parameters the following is true, 71,72, p1 = 0 as these constraints are all
non-binding. Total system energy demand is less than 400 MW (the capacity of the generation units) and
sufficient reserve to cover up to the maximum capacity was present

Shadow Price Calculation:

m+7+A& = 0.01 (3)
o= 0 (4)

™ o= 0.01-X (5)

pr—X\ = 30 (6)
—-p1 = 0 (7)

-\ = 30 (8)

T = 30.01 (9)



2 Two Node - Reserve Constraining Transmission

2.1 Diagram

Figure 2: Two Node Independent Reserve

2.2 Primal Formulation

The primal linear program is formulated as follows

min 0.01z; 4+ 10022 + 307 4 3072

subject to

xr1 — f12 =50 1 1
2 + f12 =300 1 m
—fi2—r1 <0 L
fia—r2<0 LA
T < 400 1L Y1
r9 < 400 Ly
r1 <400 L p
ro < 400 L ps
f12 <1000 1oy
—f12 <1000 )

T1,22,7T1,T2 Z 0

fiafree

With a primal matrix



0.01 100 30 30
1 x2 ri T2 fio
1 -1 1
1 1 )
-1 -1 N
-1 1 ] A
1 !
1 Y2
1 P1
1 P2
L |
-1 e

2.3 Dual Formulation

The corresponding dual problem is thus formulated as follows:

max50m, + 3007 4+ 4001 + 4007y, + 400p; + 40002 + 1000(pe1 + p2) (11)
subject to
—m+my+ A=A+ —pe =0 1 fi2
—Xo + p2 < 30 1 ry
—A1+p1 <30 L
m + 7 <0.01 1Lz
7T2+’YQS1000 J_ZEQ
)‘17 >\Qa V15725 P15 P25 U1, U2 < 0
m, mo free

2.4 Shadow Pricing

Shadow price calculations were completed by using the solutions to the primal problem to obtain the optimal
values for each variable. Further notes as follows.

e Dual variables which have been set to zero are those that relate to non-binding constraints within the
system

e There exists a nodal price separation between the nodes due to the treatment of reserve and energy
prices

e The nodal price at node 1 is unconstrained as no reserve constraint is in effect at this node, this explains
the reduced price.

Calculations:



=71 + 72 + A2 — A1+ p1 — p2
AL, fh1s 2

T2

—A2 + p2

P2

W

T+ M

Y1

1

2

T — )\2
30

30
0.01

0.01
30.01

—_— — D e DD DD O



3 Two Node - Proportionality Constraint
3.1 Diagram

Figure 3: Two Node Non-Independent Reserve

3.2 Primal Formulation
men0.01xy + 1000z + 1023 + Ory 4+ 10ry 4+ 0.0173
subject to

x1 — fi12 = 50
To + 3 + fi2 = 305
fiz2—ro—13<0
—fi2—r1 <0
x1 < 300
To §50
x3 < 300
r1 < 300
T2 S50
rg < 300
f12 <1000
—f12 <1000
x1 +7r1 <300
Tg + 19 < 50
l‘3+7”3§300
T — K121 SO
TQ—KJQSL'QSO
rs — K3X3 SO
Z1,%2,%3,71,72,73 2> 0
Jiafree

K1, Ko, k3 = Constant = 0.5

Primal matrix

Lﬂ'l
L?TQ
NPV
1L\
1m
L
L

L p2
L ps
L
Lz
J_O'l
J_O'Q
J_O'g
J_wl
ng
ng

(22)



0.01 1000 10 0 10 0.01
X T2 T3 T2 3 f12

1 1 1 | m

—K1 1 w1

—K3 1 w3

3.3 Dual Formulation

The dual linear program may be developed as follows

maz 5071 + 30573+ 30071 + 5072 + 30073 +300p1 +50p2 +300p3 + 1000(pt1 + p2) + 30001 + 5002 + 30003 (23)

T +7 + 01 —kiwp <0.01 1 x

To + Y2 + 02 — Kowo < 1000 1Lz

T 4+ 7v3 + 03 — Kaws < 10 1 a3

M +pr+or+w <0 1r

—A2+p2+ 02 +wy <10 )

—Xo + p3+ 03 +ws <0.01 1 rg

—m + T2+ A — A+ 1 — —mug =0 L fi2

)‘17>‘23’71>723’Y37p1ap27p3a0—130—27037‘*}1’(")2’("]37#1’#2 <0
m, mo free

K1, ke, k3 = Constant



3.4 Primal Solution

Variable Value
T 150
To 1.667
T3 200
T1 0
9 3.333
r3 100
fi2 103.333
T 0.01
Ty 670.0033

-2 669.9933
wa -659.9333

3.5 Shadow Pricing

solutions multiple variables and constraints could be safely eliminated to determine the dual value solutions.
Specific insights from this process include:

e Equation 7 is the combination of Equations 3 and 6. Here, there are two binding constraints which
must be simultaneously satisfied to determine an optimal solution for the price at Node 2.

e Equations 10, 11 and 12 also reflect the inclusion of the proportionality constraint into the system.
From this we incorporate a value 2 which relates to the constraint pricing present in the system.

e Equation 13 shows a clear reliance upon the value of 2 for the constraint pricing. Due to the system
configuration any non-negative value of ko is allowable. In some non-simple systems the value of x
may affect the system result.

e The shadow price calculations are presented in a simplified format, the full derivation is not presented.

Shadow Price Calculation



—m1 + T2+ A2 — A+ g1 — 2
AL, 1, 2

T2

W1, W3, 73,72, 73, P15 P2, 03,02
T2 + Y2 + 02 — Kow>

2

T — A2

1

A2+ p2 + 02 + w2

=2 +ws

—Ao — KaoWws

—wa (1l + K2)

w2

K2
w2
o
oy
T2
T2

2

10

0

0

T — A2

0

1000

1000 4 Kows
1000 + Kawsa
0.01

10

10

999.9
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10 — wo
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4 Two Node - Total Reserve Constraint
4.1 Diagram

Figure 4: Two Node Non-Independent Reserve

4.2 Primal Formulation

man 0x1 + 1000xs 4+ Ory 4+ Ors

xl—f12=150 Lﬂ'l
l‘2—‘rf12=150 1 7
—fi2—r1 <0 L
fia—r2<0 LA
z1 < 500 1m
zo < 200 1Ly
T1 S 50 1 P1
T2 S 50 1 P2
fi2 <200 L oo
—f12 S 200 1 U2
x1,22,71,72 > 0
Jiafree
0 1000 O 0
1 i) T T2 f12
1 -1 1
1 1 T2
-1 -1 M
-1 1 Ao
1 71
1 Y2
1 P1
1 p2
1 M1
-1 ope
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4.3 Dual Formulation

maz 150 + 1507 + 5001 + 2002 + 50p1 + 50p2 + 200(p1 + p2)

subject to

m+71 <0
T + v2 < 1000
A+, <0
A2+ p2 <0

J_l‘l
L.%'Q
J_Tl
J_T‘Q

—m T — A+ At —pe=0 L fio
717’727A17A27p1ap27ul7u2 < 0

m, T free

4.4 Primal Solution

Variable Value
T1 200
To 100
T1 0
T2 50
fi2 a0
1 0
Ty 1000
-1 0
—A9 1000

4.5 Shadow Pricing

Shadow price calculations are completed using the primal solution. In this instance a total constraint on
the amount of reserve present within the system is enforced. Transfer from node 1 to node 2 is limited by
reserve availability and thus the p constraint binds in this instance.

1, ALy V1,725 P1, H1, f2
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5 Two Node - Combined Reserve and Generation Constraint

5.1 Diagram

Figure 5: Two Node Non-Independent Reserve

5.2 Primal Formulation
min O0xi + 1000xs + 50x3 + Or; + 10079 + 7073

subject to

6=0.75
1‘1—f12:150 Lﬂ'l
To + 23+ f12 = 180 L o
—0fi2—7r1 <0 LN
0fiz—r2—r3 <0 LA
21 <500 Im
$2§50 J_’YQ
23 < 150 Los
r1 < 500 L py
T2S5O J_pg
ry < 150 Lops
z1 + 71 <500 1oy
To + 19 < 50 1 oy
xr3 +1r3 < 150 1 o3
f12§500 J_,ltl
—f12 <500 L po

X1, T2,T3,7T1,72,73 > 0
fizfree
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0 1000 50 O 100 70O
X1 To xr3 T ] r3  fi2

5.3 Dual Formulation

maz 1507, 41807 +50071 +5072 4+ 15075 +500p1 +50p2 + 150p3 + 50001 + 5005 + 150073 +500(01 4 p12) (55)

subject to

m+v+01 <0 1L

o + v + o2 < 1000 1Lz

Ty + v3 + 03 < 50 1 z3

—A1+pr+o1 <0 L

—A2 + p2 + 02 <100 L7y
—Xo+p3+03 <70 Lors

—m + 7 — A +0Aa+ 1 — e =0 L fi2

A1y A2, 715 V2,735 P1, P2, P3,01,02,03 < 0
m, T free
5.4 Results

Variable Value
T 270

T9 0
T3 60

T 0

T2 0
T3 90
f12 120

1 0
o 60

-\ 0
- 80
g3 -10
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5.5 Shadow Pricing

The shadow price calculations are slightly more complex in this case. The flow constraint is still binding,
but a 1:1 relationship between risk and reserve is no longer present in the system. This is analogous to
HVDC self cover, or the treatment of net free reserves by the system operator in dispatching the system.
Here, reserve is more expensive than energy, however the next unit of energy is extremely expensive (peaking
plant). This creates a unique trade off between the dispatch of reserve and energy which influences the prices
accordingly.

11, 12, 01, 02, Y1, Y2, Y35 P15 P25 P35, — A1 (56)
—m + T+ 0N = (57)
m o= 0 (58)

m+o3 = 50 (59)

X403 = 70 (60)

Mo =71 —0X = 0 (61)

Ty = —0Ag (62)

o3 = 50+ 6\ (63)

“X(1—=6) = 20 (64)

~Xy = 80 (65)

o3 =50+ 6(—80) = —10 (66)
T = 50— (—10) (67)

T = 60 (68)
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6 Profit & Loss Calculation - Nodally Located Generators

6.1 Description

A linear program was set up with contractually obligated to showcase the effects of constraining reserve on
a security risk transmission line. This highlights the incentives an energy and reserve provider may have to
constrain reserves. In this example, two generators each with generation offered at Node 1 and Node 2, but
with different contractual obligations to supply will be used. A simple reserve constrained model without
bathtub constraints will be used to showcase the effects.

Table 1: Parameters

Variable Generator Cost Maximum
X1 G1 1 100
To G 200 100
T3 Gy 100 200
T4 G2 1 200
1 0 250/50
ro 0 250/50
J12 500
D1 200
Do 200

Table 2: Contractual Obligations
\ G1 Ga
Dy 200 0
D, 0 200

6.2 Primal Formulation

subject to

minlxy +

200z2 + 1003 + 1x4 + Orq + Or2

1+ 23— fio =D
o+ x4+ fi2 = Do
fi2—r2 <0
—fi2—7m <0
x1 < 100
xo < 100
x3 < 200
xy < 200
1 < 250/50
ra < 250/50
fi2 <500
— f12 <500
T1,%2,%3,T4,71,72 > 0

Jiafree
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6.3 Results

Using this primal we may determine two separate scenarios for an unconstrained reserve case with maximal
reserve offers set to 250 MW. And a constrained reserve case with maximal offers set to 50 MW. The results
of both scenarios are as follows.

6.3.1 Unconstrained Case

Table 3: Dispatch Solution

Variable Value

1 100
i) 0

T3 100
Ty 200
1 100
T2 0

m 100
o 100

Table 4: Profit and Loss

Participant Profit
G1 $0
Go $0

6.3.2 Constrained Case

Table 5: Dispatch Solution

Variable Value

T1 100
i) 50
I3 50
Ty 200
T1 50
T2 0
T 200
o 100

This shows a clear incentive for an integrated generator to exert market power.
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Table 6: Profit and Loss

Participant Profit
G1 -$15,000
Go $10,000
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